Abstract. We study a conjectural relationship among DonaldsonThomas type invariants on Calabi-Yau 3-folds counting torsion sheaves supported on ample divisors, ideal sheaves of curves and Pandharipande-Thomas's stable pairs. The conjecture is a mathematical formulation of Denef-Moore's formula derived in the study of Ooguri-Strominger-Vafa's conjecture relating black hole entropy and topological string. The main result of this paper is to prove our conjecture assuming a conjectural Bogomolov-Gieseker type inequality proposed by Bayer, Macri and the author.
Introduction
For a smooth projective Calabi-Yau 3-fold X, the Donaldson-Thomas (DT) invariant is introduced in [32] as a holomorphic analogue of Casson invariants on real 3-manifolds. It counts (semi)stable coherent sheaves on X, and its rank one theory is conjectured to be equivalent to the Gromov-Witten theory on X by Maulik-Nekrasov-OkounkovPandharipande (MNOP) [27] . Rather recently, wall-crossing phenomena of DT type invariants has drawn much attention, and its general theory is established by Joyce-Song [21] , Kontsevich-Soibelman [23] . Applying the wall-crossing formula to rank one DT type invariants, some geometric applications related to MNOP conjecture have been obtained. (cf. [7] , [30] , [35] , [36] .)
In this paper, we focus on DT invariants counting torsion sheaves supported on ample divisors in X, and discuss their relationship to rank one DT type invariants via wall-crossing phenomena. In string theory, counting sheaves on sufficiently ample divisors is interesting since it is related to Strominger-Vafa's black hole entropy in terms of D-brane microstates [31] . There are several physics articles in which such sheaves or counting invariants are discussed, (cf. [8] , [1] , [12] , [13] , [9] ,) while there has been no pure mathematical treatment of this subject.
The work of this paper is motivated by Denef-Moore's approach [8] toward Ooguri-Strominger-Vafa (OSV) conjecture [28] relating black hole entropy and topological string on Calabi-Yau 3-folds. The idea of Denef-Moore [8] is to investigate the decay of D4 branes wrapping ample divisors in X into D6-anti-D6 bound states on X. Through some physical arguments, they derive a formula relating indices of BPS D4 branes on X to those of D6-anti-D6 bound states on X. Roughly speaking, their formula is written as Z D4 ∼ Z D6−D6 (1) where the LHS and RHS are the D4-brane partition function, D6-anti-D6 bound state partition function respectively. The ' ∼ ′ in (1) means that both sides are 'approximated' in some sense. The purpose of this paper is summarized as follows:
• We formulate the relationship (1) as a mathematically precise conjecture in terms of DT type invariants.
• We prove the above conjectural formula assuming a conjectural Bogomolov-Gieseker type inequality for tilt semistable objects in the derived category of coherent sheaves, proposed by Bayer, Macri and the author [3] . More precisely, the mathematical counterpart of the LHS of (1) is the generating series of DT invariants counting torsion sheaves supported on ample divisors in X, the RHS of (1) is a certain generating series of the products of rank one DT invariants and Pandharipande-Thomas (PT) stable pair invariants [29] . The wall-crossing phenomena of the tilt stability in [3] is relevant to show the relationship (1) . In the proof, we will see how the conjectural Bogomolov-Gieseker type inequality in [3] is effectively applied.
1.1. Donaldson-Thomas invariants. Let X be a smooth projective Calabi-Yau 3-fold over C, i.e. Given an element, (r, D, β, n) ∈ H 0 (X) ⊕ H 2 (X) ⊕ H 4 (X) ⊕ H 6 (X) and an ample divisor H in X, we have the associated DT invariant [32] , [21] , [23] ,
The invariant (2) counts H-semistable coherent sheaves E on X satisfying ch(E) = (r, D, β, n).
We are interested in DT invariants in the following two cases:
(i) r = 0 and D = mH for m ∈ Z >0 . In this case, the invariant DT H (0, mH, −β, −n) ∈ Q (3) counts H-semistable torsion sheaves supported on some ample divisor P ⊂ X. In string theory, such sheaves correspond to D4-branes wrapping a divisor P .
(ii) r = 1 and D = 0. In this case, the invariant I n,β := DT H (1, 0, −β, −n) ∈ Z (4) counts ideal sheaves of subschemes C ⊂ X, satisfying
[C] = β, χ(O C ) = n.
Here β and n are interpreted as elements of H 2 (X, Z), H 0 (X, Z) ∼ = Z respectively by Poincaré duality. In string theory, such sheaves correspond to D6-branes. The invariants (4) count curves in X, and their generating series is expected to be coincide with the generating series of Gromov-Witten invariants of X after some variable change by MNOP [27] .
The Pandharipande-Thomas [29] stable pair invariants also count curves in X, which are closely related to the invariants (4). For β ∈ H 2 (X, Z) and n ∈ Z, the PT invariant is denoted by
The objects which contribute to the invariants (5) are not necessary sheaves but two term complexes of the form
where F is a pure one dimensional sheaf satisfying
[F ] = β, χ(F ) = n and s is surjective in dimension one. In [29] , the generating series of the invariants (5) is conjectured to be related to that of (4) via wall-crossing phenomena in the derived category. This conjecture, called DT/PT correspondence, is proved in [30] , [35] at the Euler characteristic level and in [7] for the honest DT invariants.
1.2.
Conjecture. We formulate a conjecture relating invariants (3), (4) and (5) in terms of generating series, following the idea of [8] . In what follows, we fix an ample divisor H in X.
The generating series of the invariants (3), i.e. D4-brane counting, is defined by Z m D4 (x, y) := β,n DT H (0, mH, −β, −n)x n y β .
As for the generating series of the invariants (4), (5), we first define the following cut off generating series: 
Here m ∈ Z >0 , ǫ ∈ R >0 , and C(m, ǫ) is defined to be
Following [8, Equation (6.94)], the generating series related to the RHS of (1) is defined by
Here in the sum (8) , D 1 , D 2 are divisors in X. The relationship (1) can be formulated as (9) in the following conjecture:
(ii) For any ξ ≥ 1, there are µ > 0, δ > 0 and a constant m(ξ, µ) > 0 which depends only on ξ, µ such that for any m > m(ξ, µ), we have the equality of the generating series,
modulo terms of x n y β with
is generated by O X (H), then µ, δ may be taken as follows: if ξ > 1, then µ is any positive real number and if ξ = 1, then µ is any real number satisfying 0 < µ < 3/2. In both cases, δ is taken to be δ = µH 3 /2. See Theorem 3.19 for the detail.
The formula (9) is a mathematical formulation of [8, Equation (6.101)], which plays an important role in the study of the OSV conjecture [28] in [8] . The OSV conjecture states that,
where the LHS is the black hole partition function and the RHS is the topological string partition function. Although a mathematically precise formulation of the OSV conjecture is not yet available, the formula (9) may give an intuition of the relationship (10): the LHS of (9) counts massive D-branes for m ≫ 0, hence it has to do with black holes. On the other hand, the RHS of (9) involves products of DT type curve counting, hence the square of the topological string, via MNOP conjecture [27] .
1.3. Main result. Our main result is to prove Conjecture 1.1, assuming two mathematical conjectures which are not yet proven. One of them is the conjectural Bogomolov-Gieseker type inequality for tilt (semi)stable objects proposed in [3] . The other one is the conjectural property on the local moduli space of objects in the derived category.
The former conjecture is stated as follows: let us take B, ω ∈ H 2 (X, Q) so that ω is an ample Q-divisor. Then we can construct the tilt of Coh(X),
which is a certain abelian subcategory in the derived category of coherent sheaves. (cf. Subsection 2.3.) In [3] , we constructed the slope function ν B,ω on B B,ω to be
, ω 2 ch
Here ch
B (E) is the twisted Chern character ch B (E) := e −B ch(E), and Z B,ω (E) is the central charge near the large volume limit in terms of string theory,
The above slope function determines ν B,ω -stability on B B,ω , which was called tilt stability in [3] . The following is the main conjecture in [3] .
Conjecture 1.3. [3, Conjecture 1.3.1] For any tilt semistable object E ∈ B B,ω with ν B,ω (E) = 0, the following inequality holds:
The Bogomolov-Gieseker type inequality for tilt semistable objects was first considered in order to construct Bridgeland's stability conditions [6] on projective 3-folds. For that purpose, it is enough to know the weaker inequality, (cf. [3, Conjecture 3. (12) so the inequality (11) is stronger than the one required for the construction of Bridgeland stability. The stronger version (11) was conjectured from purely mathematical ideas and observations as we explained in [2, Section 2]. One of the mathematical results which makes the inequality (11) reasonable is that, if we assume (11), then Fujita's conjecture on adjoint line bundles [11] for 3-folds follows [2] . On the other hand, this fact also shows that proving the inequality (11) is very difficult, since a complete proof of Fujita's conjecture on 3-folds is still beyond the current knowledge of birational geometry.
Another conjecture we assume is much more technical. Let M be the moduli stack of objects E ∈ B B,ω , which can be shown to be an algebraic stack over C. We expect that M is analytic locally written as a critical locus of some holomorphic function on a complex manifold, up to gauge action, as in the following conjecture:
, and a smooth morphism of complex analytic stacks
The above conjecture is a derived category version of [21, Theorem 5.3] and proved if E ∈ Coh(X) in [21, Theorem 5.3] using an analytic method. Also a similar result is already announced by BehrendGetzler [5] . The result of Conjecture 1.4 will be needed in order to apply the wall-crossing formula of DT type invariants [21] , [23] in the derived category setting. We strongly believe that Conjecture 1.4 is true, and leave its full detail to a future publication.
Our main result is the following: [30] , [35] , [36] . (cf. Theorem 4.2.) We also remark that assuming the weaker inequality (12) does not imply any reasonable result. The value '18 ′ in the denominator of the RHS of (11) is crucial in the argument.
The result of Theorem 1.5 is a sort of results as in [2] , i.e. assuming the inequality (11) yields a reasonable result predicted by some other works, which convinces us the validity of Conjecture 1.3. Indeed, the argument of the proof of Theorem 1.5 is closely related to that of [2, Theorem 1.1]: the tilt semistable objects we discuss in this paper contain an object E ∈ B B,ω which fits into a distinguished triangle,
where Z ⊂ X is a zero dimensional closed subscheme. (cf. Subsection 4.1.) Such an object played an important role in [2] in proving Fujita's conjecture [11] assuming Conjecture 1.3. Furthermore, as we will explain in Subsection 4.1, a curve which appears in the RHS of (9) may be defined by a multiplier ideal sheaf of some log canonical Q-divisor in X. This is an important notion in the study of Fujita's conjecture and modern birational geometry [10] , [22] , [16] . These observations seem to give a surprising connection between two different research fields: Fujita's conjecture in birational geometry and black hole entropy in string theory.
In order to obtain an intuition how the invariants (3), (4) and (5) are related as in (9) , the following geometric observation may be helpful: if E is a torsion sheaf contributing to the invariant (3), and it is supported on a smooth member P ∈ |mH|, then it is written as
where i : P ֒→ X is the inclusion, L ∈ Pic(P ) and Z ⊂ P is a zero dimensional closed subscheme. The line bundle L is written as O P (C 2 − C 1 ), where C 1 , C 2 are curves in P which do not have common irreducible components. If Z is disjoint from C 1 , C 2 , there is a distinguished triangle,
Here D( * ) is the derived dual of the complex * . In the sequence (13), the left object contributes to (4) and the right object contributes to (5) . In this way, we can see that the objects contributing to the invariants (3), (4), (5) are related. In terms of string theory, the sequence (13) realizes the decay of the D4 brane E into D6 brane I C 1 ∪Z and anti D6 brane [1] , i.e. D4 → D6+D6, which plays an important role in Denef-Moore's work [8] .
In general the sheaf E may be supported on a singular divisor P ⊂ X, which may be even non-reduced. So the above naive geometric argument is not applied in a general case. However we can use the wall-crossing argument as we explain in the next subsection.
which parameterizes ν t -semistable objects E ∈ B B,H satisfying ch(E) = v. There is a wall and chamber structure on R >0 , the parameter space of t, such that the moduli stack (15) is constant on a chamber but jumps at walls. The behavior of the moduli stack (15) under the wallcrossing is described in terms of the stack theoretic Hall algebra of B B,H , as in [20] , [21] , [23] . We can show that, for t ≫ 0, we have (16) where the RHS is the moduli stack which defines the invariant (3). On the other hand, if we assume Conjecture 1.3, we can show that M ss t (v) = ∅ when η < 1 and 0 < t ≪ 1. By the above observations, the moduli stack M ss H (v) can be described in terms of the wall-crossing factors in the Hall algebra. The key point is that, if we assume that Conjecture 1.3 is true and the rational number η in (14) is suitably small, then the objects which contribute to the wall-crossing factors are one of the following forms:
Here m i ∈ Z, C ⊂ X is a subscheme with dim C ≤ 1 and D(O X → F ) is the derived dual of the two term complex (O X → F ) determined by a PT stable pair (6) . Hence it turns out that the stack M ss H (v) is related to the moduli stacks of the objects of the form (17) in the Hall algebra. By the wall-crossing formula of DT type invariants [21] , [23] , the above relationship of the moduli stacks can be integrated to a relationship among DT type invariants (3), (4) and (5), if we assume Conjecture 1.4. The formula (9) is the resulting relationship among these invariants in terms of generating series.
The conjectural inequality (11) is used to investigate the behavior of numerical classes under the wall-crossing. For instance, if η satisfies 0 ≤ η ≪ 1, then the resulting wall-crossing factors (17) satisfy
for 0 < ǫ ≪ 1. The above property corresponds to the extreme polar state conjecture, which was a conjecture in [8] even in the physics sense. The inequality (11) is also used to show that, if η further satisfies 0 ≤ η < µ m ξ , µ ∈ R >0 , m ≫ 0 for some ξ ≥ 1 and µ > 0, then the wall-crossing factors are contributed by the objects of the form (17) . This property corresponds to the core dump exponent conjecture, that is the real number ξ cd in [8] satisfies ξ cd = 1. The above two physical conjectures (extreme polar state conjecture, core dump exponent conjecture) were relevant to approximate both sides of (10) . The main contribution of this paper is to deduce these physical conjectures from the single conjectural inequality (11).
1.5. Plan of the paper. The plan of the paper is as follows. In Section 2, we give some background of stability conditions and DT type invariants. In Section 3, we give a proof of Theorem 1.5. In Section 4, we discuss the relevant wall-crossing phenomena, and give an evidence to Conjecture 1.1 (i).
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Background
In this section, we collect some notions, results, which we will use in the proof of Theorem 1.5. In what follows, X is a smooth projective Calabi-Yau 3-fold over C, i.e.
2.1. Twisted Gieseker stability. We recall the classical notion of twisted stability on Coh(X) in the sense of Gieseker, which will be used in constructing DT invariants. For the detail of the non-twisted case, see [17] . We take an element,
where B, ω are defined over Q, and ω is ample. For E ∈ Coh(X), the twisted Hilbert polynomial is defined by
where
The reduced twisted Hilbert polynomial is defined by
Definition 2.1. An object E ∈ Coh(X) is B-twisted ω-(semi)stable if the following conditions hold:
• E is a pure sheaf, i.e. there is no subsheaf 0 = F E with dim Supp(F ) < dim Supp(E).
• For any subsheaf 0 = F E, we have for n ≫ 0,
If B = 0, then the B-twisted ω-(semi)stable sheaves are called ω-(semi)stable sheaves.
2.2.
Twisted slope stability. Here we recall the notion of twisted slope stability determined by an element (19) , which is coarser than the twisted Gieseker stability. For d ∈ Z ≥0 , let Coh ≤d (X) ⊂ Coh(X) be the subcategory defined by
The B-twisted ω-slope function
Otherwise we set
The notion of µ B,ω,d -stability is defined as follows:
The above stability condition is called a B-twisted ω-slope stability condition. Note that if B is proportional to ω, then µ B,ω,d -stability coincides with µ ω,d := µ 0,ω,d -stability. Also if d = 3, we just set µ B,ω := µ B,ω,3 . Remark 2.3. It is easy to check that the twisted slope stability is coarser than the twisted stability. Namely if E is a d-dimensional sheaf, then E ∈ Coh ≤d (X) is, omitting notation B-twisted and ω-, slope stable ⇒ stable ⇒ semistable ⇒ slope semistable.
2.3. Tilt stability. The notion of tilt stability in [3] is defined in the abelian category obtained as a tilt of Coh(X). For an element (19), we set the following subcategories of Coh(X):
E is a torsion sheaf or torsion free µ B,ω -semistable sheaf with µ B,ω (E) > 0.
E is a torsion free µ B,ω -semistable sheaf with µ B,ω (E) ≤ 0 .
Here S is the smallest extension closed subcategory which contains S. The pair of subcategoris (T B,ω , F B,ω ) is a torsion pair of Coh(X).
(cf. [15] .) Its tilting is defined by
By a general theory of tilting [15] , B B,ω is the heart of a bounded t-structure on D b Coh(X), hence an abelian category.
Remark 2.4. For any object E ∈ B B,ω , we have ch
Let Z B,ω : K(X) → C be the group homomorphism defined by
The slope function
.
Similarly to µ B,ω,d -stability on Coh ≤d (X), the above slope function defines ν B,ω -stability on B B,ω :
The above stability condition on B B,ω is called tilt stability in [3] . 
Note that if Pic(X) is generated by O X (H) for an ample divisor H, the inequality (21) is equivalent to
The second inequality is given in the following conjecture: Conjecture 2.7. [3, Conjecture 1.3.1] For any ν B,ω -semistable object E ∈ B B,ω with ν B,ω (E) = 0, we have the inequality,
Remark 2.8. The above conjecture is not restricted to Calabi-Yau 3-fold case. For instance, the inequality (23) is proved when X = P 3 and
Remark 2.9. There is the heart of a bounded t-structure (24) with phase one.
Donaldson-Thomas invariants.
Let H be an ample divisor in a Calabi-Yau 3-fold X. The DT invariant is an invariant counting H-semistable sheaves on X. For an element
The easier case to define (25) is when any H-semistable sheaf contributing to (25) 
be the moduli stack of H-stable (resp. H-semistable) sheaves E in the sense of Definition 2.2, satisfying ch(E) = (r, D, β, n). The stacks (26) are known to be Artin stacks of finite type over C. We have the BC * -bundle structure
Here ν is the Behrend's constructible function [4] , D, β, n) , the definition of (25) is much more complicated. In this case, (25) is defined by integrating the Behrend function over the 'logarithm' of the moduli stack M ss H (r, D, β, n) in the stack theoretic Hall algebra [21] , [23] . Since only DT invariants defined as in (27) appear in this paper, we omit the detail of the latter construction.
2.6. DT invariants counting torsion sheaves. We are interested in DT invariants counting sheaves supported on ample divisors in X, i.e. the invariants,
for m ∈ Z >0 . The generating series of the invariants (28) is denoted by
Although it is not an obvious problem to compute the series (29) , its local version is very easy to compute as follows: Example 2.10. Let P ∈ |mH| be a smooth member. In the notation of the previous subsection, we have the subscheme,
corresponding to stable sheaves supported on P . Then we have the local DT invariant,
where ν is the Behrend function on M s H (0, mH, −β, −n) restricted to M s H (0, P, −β, −n). Note that ν is not the Behrend function on the subscheme M s H (0, P, −β, −n). Let us compute the invariant (30) . We note that, although M s H (0, mH, −β, −n) may not be projective, the scheme M s H (0, P, −β, −n) is always projective. Indeed sheaves corresponding to points in M s H (0, P, −β, −n) have the following form,
where L ∈ Pic(P ), Z ⊂ P is a zero dimensional closed subscheme, and I Z is the defining ideal of Z. The condition ch(E) = (0, mH, −β, −n)
Here we have written H| P just as H for simplicity, and i : P ֒→ X is the inclusion. Since H 1 (O P ) = 0, we have the isomorphism c 1 : Pic(P )
is projective, and the definition (30) is an analogy of (27) in the local case.
It is easy to see that the moduli space M
for some i ∈ Z ≥0 . Therefore we have (
Here we have used the Göttsche's formula [14] ,
Remark 2.11. Although it is easy to compute the local DT invariants when P ∈ |mH| is non-singular as in Example 2.10, it is not obvious to compute the local invariants when P has singularities. For instance, the Göttsche type formula (34) is not known for singular surfaces.
2.7.
DT and PT invariants counting curves. As we discussed in the introduction, our purpose is to relate the series (29) with the generating series of two kinds of DT type curve counting invariants in X. One of them is rank one DT invariant, and the other one is PT stable pair invariant [29] . Both of these invariants depend on β ∈ H 2 (X, Z) and n ∈ Z. Note that β and n are also interpreted as elements of H 4 (X) and H 6 (X) respectively by the Poincaré duality. The former invariant is defined by,
Note that any sheaf contributing to I n,β is of the form I C where C ⊂ X is a closed subscheme with dim C ≤ 1, [C] = β and χ(O C ) = n. (cf. [27] .) In particular the invariant (35) does not depend on a choice of H.
The latter invariant roughly counts pairs of a curve and a divisor on it. This notion is formulated as stable pairs: by definition, a stable pair is a pair
where F is a pure one dimensional coherent sheaf on X, and s is surjective in dimension one. A typical example is given by (O X s → O C (D)), where C ⊂ X is a smooth curve, D ⊂ C is an effective divisor and s is a natural morphism. The moduli space of stable pairs (36) satisfying [F ] = β and χ(F ) = n is denoted by P n (X, β).
The above moduli space is shown to be a projective scheme over C. The PT invariant is defined by
where ν is the Behrend function on P n (X, β). Note that both of the invariants (35), (37) are integer valued.
We will use the following cut off generating series:
The relationship between I n,β and P n,β is conjectured in [29] , proved in [30] , [35] at the Euler characteristic level and in [7] for the honest DT invariants. This is formulated in terms of non-cut off generating series. If we define I(x, y), P (x, y) by formally putting ǫ = 1, m = ∞ to the series (38), (39) respectively, then we have, by [35] , [30] , [7] ,
Here M(x) is the MacMahon function
3. Proof of Theorem 1.5
In this section, we give a proof of Theorem 1.5. In what follows, X is a smooth projective Calabi-Yau 3-fold such that Pic(X) is generated by O X (H) for an ample divisor H in X.
3.1.
One parameter family of tilt stability. We construct a one parameter family of tilt stability conditions depending on a choice of a numerical class,
for m ∈ Z >0 . In this section, we always fix v as in (42). We also fix B ∈ H 2 (X, Q) to be
By a simple calculation, we have
where η is given by
In what follows, the twisted Chern character ch B ( * ) = e −B ch( * ) is taken with respect to the B chosen in (43). For t ∈ R >0 , we set
Note that B B,tH = B B,H for any t ∈ R >0 , so the above slope function is well-defined. Also any object E ∈ B B,H with ch(E) = v, or equivalently ch B (E) is equal to the RHS of (44), satisfies ν t (E) = 0.
3.2. Wall and chamber structure. As proved in [3, Corollary 3.3.3] , there is a wall and chamber structure on the set of tilt stability. In the setting of the previous subsection, there is a discrete subset of walls,
such that the set of ν t -semistable objects E with ch(E) = v is constant when t lies in a connected component of R >0 \ S, but jumps at walls. We first show that there is no wall when t is bigger than √ 3m/2.
Lemma 3.1. We have S ⊂ {t ∈ R >0 : t ≤ √ 3m/2}.
Proof. Let us take t 0 ∈ S. Then there is a ν t 0 -semistable object E ∈ B B,H with ch(E) = v and an exact sequence in B B,H
such that ν t 0 (E 1 ) = ν t 0 (E 2 ) = 0 and
for i = 1 or 2. The above inequalities imply t 0 ≤ √ 3m/2 as claimed.
By the above lemma, the region {t ∈ R >0 : t > √ 3m/2} is contained in a chamber of R >0 \ S. Next we see that the tilt semistable objects in this chamber coincide with slope semistable sheaves in Coh ≤2 (X). Proposition 3.2. For t > √ 3m/2, an object E ∈ B B,H with ch(E) = v is ν t -semistable if and only if E is an µ H,2 -semistable sheaf in Coh ≤2 (X).
Proof. First suppose that E ∈ B B,H with ch(E) = v is ν t -semistable for some t > √ 3m/2. By Lemma 3.1, this is equivalent to the fact that E is ν t -semistable for any t > √ 3m/2. We have the exact sequence in B B,H ,
Suppose that H −1 (E) = 0. Then we have
for t ≫ 0, which contradicts to the fact that E is ν t -semistable for any t > √ 3m/2. Hence H −1 (E) = 0 and E is a torsion sheaf, i.e. E ∈ Coh ≤2 (X). Noting that ν t = µ B,tH,2 on Coh ≤2 (X) and B, tH are proportional to H, we conclude that E is a µ H,2 -semistable sheaf in Coh ≤2 (X).
Conversely, take a µ H,2 -semistable sheaf E ∈ Coh ≤2 (X) with ch(E) = v. Note that E ∈ B B,H . Suppose that E is not ν t -semistable for some t > √ 3m/2. By Lemma 3.1, this is equivalent to the fact that E is not ν t -semistable for any t > √ 3m/2, hence we may assume that t > √ 3m. There is an exact sequence in B B,H ,
such that E 1 is ν t -semistable and ν t (E 1 ) > ν t (E 2 ). Let us write ch B (E 1 ) = (r 1 , D 1 , β 1 , n 1 ). Since E ∈ Coh ≤2 (X), we have E 1 ∈ Coh(X), hence r 1 ≥ 0. By ν t (E 1 ) ≥ 0 and Theorem 2.6, we obtain the inequalities,
Suppose that r 1 > 0. Since ch
, which contradicts to t > √ 3m. Therefore we have r 1 = 0, and the sequence (47) is an exact sequence in Coh ≤2 (X). However the µ H,2 -stability of E implies ν t (E 1 ) ≤ ν t (E 2 ), a contradiction.
As a corollary, we can show that Conjecture 1.1 (i) is true under the assumption that Conjecture 2.7 is true: Corollary 3.3. Suppose that Conjecture 2.7 is true. Then if there is an µ H,2 -semistable sheaf E ∈ Coh ≤2 (X) with ch(E) = (0, mH, −β, −n), then we have
In particular if DT H (0, mH, −β, −n) = 0, then the inequality (48) is satisfied.
Proof. Let E be an µ H,2 -semistable object with ch(E) = (0, mH, −β, −n). By Proposition 3.2, E is ν √ 3m/2 -semistable with ν √ 3m/2 (E) = 0. If we assume Conjecture 2.7, then we have
Here η is given by (45). The above inequality implies η ≥ 0, which is equivalent to the inequality (48).
If DT H (0, mH, −β, −n) = 0, then there is an H-semistable sheaf E ∈ Coh(X) with ch(E) = (0, mH, −β, −n). By Remark 2.3, E is also an µ H,2 -semistable sheaf in Coh ≤2 (X), hence the inequality (48) holds.
Remark 3.4. The inequality (48) is easy to prove if there is an µ H,2 -semistable sheaf E with ch(E) = (0, mH, −β, −n) supported on a smooth member P ∈ |mH|. Indeed, such a sheaf is written as (31) , and the inequality (48) can be easily checked using the Hodge index theorem. However when the support of E is singular, we are not able to prove (48) without assuming Conjecture 2.7. As for the issue of the thickening of the support of E, see Theorem 4.3.
Later we will also use the following corollary. We use the notation in the previous subsection.
Corollary 3.5. Take (ξ, µ) ∈ R 2 so that ξ > 1, µ > 0 or ξ = 1, 0 < µ < 3/2. Suppose that Conjecture 2.7 is true. Then there is m(ξ, µ) > 0, which depends only on ξ, µ such that if m > m(ξ, µ) and 0 ≤ η < µ/m ξ , then any µ H,2 -semistable sheaf E ∈ Coh ≤2 (X) with ch(E) = v is µ H,2 -stable. Proof. For an µ H,2 -semistable sheaf E with ch(E) = v, suppose that E is not µ H,2 -stable. Then there is an exact sequence in Coh ≤2 (X)
. This is equivalent to µ B,H,2 (E 1 ) = µ B,H,2 (E 2 ) = 0, where B is given by (43). Hence we can write
for some m i ∈ Z ≥1 , η i ∈ Q satisfying m 1 + m 2 = m and
Also note that η i ≥ 0 by Corollary 3.3. On the other hand, we have
Here we have used η i ≥ 0 in (50) and
by m 1 + m 2 = m. The inequality (51) follows from m 1 m 2 ≥ m − 1 since m 1 , m 2 ≥ 1, and (52) follows from η < µ/m ξ . By our choice of (ξ, µ), the leading coefficient of the RHS of (52) is positive. Hence there is m(ξ, µ) > 0, which depends only on µ and ξ such that m > m(ξ, µ) implies (52) is positive. This contradicts (49), hence E is µ H,2 -stable.
Finally in this subsection, we see that there are no tilt semistable objects when η < 1 and t is small. Lemma 3.6. Suppose that Conjecture 2.7 is true, and η satisfies η < 1. Then there is no ν t -semistable object E ∈ B B,H with ch(E) = v, if
Proof. Let E ∈ B B,H be an ν t -semistable object with ch(E) = v. If Conjecture 2.7 is true, then
The above inequality is violated under the condition (53). [18] or Lieblich [26] . For each w ∈ H * (X, Q), there is an abstract substack
which is the moduli stack of ν t -semistable objects E ∈ B B,H with ch(E) = w. We need to prove that M ss t (w) is a 'good' moduli space. We have the following proposition: Proof. A similar result for K3 surfaces is already obtained in [33] , and we apply a similar argument. A proof similar to [33, Theorem 3.20] shows that the problem can be reduced to showing the boundedness of ν t -semistable objects E ∈ B B,H with ch(E) = w. Furthermore if ν t (w) = ∞, then E is contained in the following category, (cf. [3, Remark 3.2.2],)
In this case, the boundedness follows from an argument similar to [34, Proposition 3.13] . Below, we assume ν t (w) < ∞.
For an ν t -semistable object E ∈ B B,H with ch(E) = w, we consider the filtration
where T is the torsion part of H 0 (E) and F is the maximal subsheaf of T which is contained in Coh ≤1 (X). It is enough to show the boundedness of H −1 (E), F , T /F and H 0 (E)/T . First we check the boundedness of H −1 (E). Since ν t (E) < ∞, we have Hom(Coh ≤1 (X), H Next we check the boundedness of F , T /F and H 0 (E)/T . Again, an argument similar to [33, Proposition 4.11] shows that, for i = 0, 1, 2, ch i (F ), ch i (T /F ) and ch i (H 0 (E)/T ) have only a finite number of possibilities. In order to apply [24, Theorem 4.4] , we need to check that ch 3 (F ), ch 3 (T /F ) and ch 3 (H 0 (E)/T ) have also a finite number of possibilities. Since the sum of them are equal to ch 3 (H −1 (E)) + X w, it is enough to show that they are bounded above.
As for the upper bound on ch 3 (H 0 (E)/T ), we consider the exact sequence
where F ′ ∈ Coh ≤1 (X). Since the middle sheaf is reflexive, we can apply [ As for the upper bound on ch 3 (F ), note that E ∈ B B,H has a subobject E ′ ∈ B B,H which fits into an exact sequence in B B,H
Since Hom(Coh ≤1 (X), E) = 0, we have Hom(Coh ≤1 (X), E ′ ) = 0. Then the upper bound on ch 3 (F ) is obtained by Lemma 3.9 below.
Remark 3.8. Although we assume that X is a smooth projective CalabiYau 3-fold in this section, the result of Proposition 3.7 holds for any smooth projective 3-fold.
We have used the following lemma: Lemma 3.9. For a fixed reflexive sheaf U on X, consider the set of sheaves F ∈ Coh ≤1 (X) with fixed ch 2 (F ) which fit into a distinguished triangle
Proof. Since U is a reflexive sheaf, we have Ext 
Also the condition Hom(Coh ≤1 (i) For t > √ 3m/2, we have
Wall-crossing in the Hall algebra. As we discussed in Subsection 3.2, there is the set of walls S ⊂ R >0 such that the moduli stack (54) may jump if we cross the wall. We investigate the behavior of the moduli stack (54) under the change of t in terms of Hall algebra.
Recall that the Hall algebra H(B B,H ) of B B,H is spanned over Q by the isomorphism classes of symbols,
where X is an Artin stack of finite type over C with affine geometric stabilizers and ρ is a 1-morphism. The relations are generated by
where Y ⊂ X is a closed substack and U := X \ Y.
There is an associative * -product on the Q-vector space H(B B,H ) based on Ringel-Hall algebras. Let Ex be the stack of short exact sequences in B B,H ,
There are 1-morphisms,
For the detail, see [19] . For each t ∈ R >0 and w ∈ H * (X, Q), the stack (54) determines an element by Proposition 3.7, H(B B,H ). We take v ∈ H * (X, Q) as in (42). Then for each t 0 ∈ R >0 , the existence of Harder-Narasimhan filtrations with respect to the tilt stability yields,
Here t + = t 0 + ε for 0 < ε ≪ 1. The above formula is a starting point to deduce the wall-crossing formula in [20] , [21] and [23] .
Below we investigate the RHS of (57) assuming that Conjecture 2.7 is true, and η is sufficiently small, where η is given by (45). We use the following condition:
Note that, by Corollary 3.3, the left inequality automatically follows if we assume Conjecture 2.7. We have the following proposition: Proposition 3.11. Suppose that Conjecture 2.7 is true. Assume that η satisfies (58). We have the following:
(i) A non-zero term of the RHS of (57) satisfies l = 1 or l = 2.
(ii) For a non-zero term in the RHS of (57) with l = 2, the numerical
with r 1 = −1 and r 2 = 1.
(iii) In the notation of (ii), we write
Proof. It is enough to consider the terms with l ≥ 2. Let E ∈ B B,H be an ν t 0 -semistable object with ch(E) = v which is not ν t + -semistable. Then there is a filtration in B B,H
. Then the condition ν t 0 (F i ) = 0 together with the inequalities (61) imply
Since r 1 + · · · + r l = 0, there is 1 ≤ i ≤ l − 1 such that r j < 0 for j ≤ i, r i+1 ≥ 0 and r j > 0 for j ≥ i+2. We set S := E i , T := E/E i , and write ch
Since S, T are ν t 0 -semistable, for * ∈ {S, T }, we have the inequality by Theorem 2.6,
Since we assume Conjecture 2.7, Lemma 3.6 implies
Therefore if |r * | ≥ 2, the above inequalities imply η ≥ 3/4, which contradicts to the assumption (58). Since r S + r T = 0, we conclude that r S = −1 and r T = 1. It follows that there are two possibilities: l = 2, r 1 = −1, r 2 = 1 and l = 3, r 1 = −1, r 2 = 0, r 3 = 1.
Let us exclude the latter case. Suppose that l = 3, and we write
Hence there is i ∈ {1, 3} such that d i ≤ m/2. For such i, since |r i | = 1, we have the inequalities similar to (63),
Here the left inequality follows from (58). Therefore we have
and |d 2 | < 2mη/3. Combined with the assumption (58), we have |d 2 | < 1, which contradicts to d 2 ∈ Z ≥1 . Therefore the case l = 3 is excluded, and (i), (ii) are proved. When l = 2, the argument showing the inequality (64) also shows (59).
Finally we prove (60). For simplicity, we only show the case i = 2. By ν t 0 (v 2 ) = 0, (58) and (62), we have
On the other hand, by (59) and using Theorem 2.6, we have
Hence the inequalities (60) hold.
3.5. Rank ±1 tilt semistable objects. As we observed in Proposition 3.11, only rank ±1 tilt semistable objects are involved in nontrivial wall-crossing factors of (57). In this subsection, we see that these objects are isomorphic to ideal sheaves of curves and derived dual of stable pairs, up to tensoring line bundles and shift. We first characterize the derived dual of stable pairs. Below for a stable pair (O X → F ), we regard it as a two term complex with O X located in degree zero. Also the derived dualizing functor D is defined by
Proof. First we check the 'only if' part. Suppose that E is written as (65). Applying ⊗L • [1] • D to the distinguished triangle
we obtain the distinguished triangle,
and H i (E) = 0 for i = −1, 0 follow from the above triangle. The rest condition Hom(Coh ≤1 (X), E) = 0 also follows using (56), replacing V by E.
Next we check the 'if' part. We set L = H −1 (E) ∈ Pic(X), and
and apply the same argument in the proof of Lemma 3.9. Then we see that H 1 (E ′ ) is zero dimensional and H 0 (E ′ ) ∼ = I C for some subscheme C ⊂ X with dim C ≤ 1. By [35, Lemma 3.11] , the object E ′ is isomorphic to a two term complex determined by a stable pair.
Next we investigate the set of ν t -semistable objects for t ≫ 0 with rank ±1.
, there is t DT > 0 which depends on w such that an object E ∈ B B,H with ch(E) = w is ν t -semistable for t > t DT if and only if
for some C ⊂ X with dim C ≤ 1.
(
, there is t PT > 0 which depends on w such that an object E ∈ B B,H with ch(E) = w is ν tsemistable for t > t PT if and only if
Proof. The proofs of (i) and (ii) are similar, so we only prove (ii). By [3, Lemma 7.2.1], there is t PT > 0 such that if t > t PT , any ν t -semistable object E ∈ B B,H is such that H −1 (E) is a torsion free µ H -semistable sheaf, H 0 (E) ∈ Coh ≤1 (X) and Hom(Coh ≤1 (X), E) = 0. The last condition also implies that H −1 (E) is reflexive. Therefore H −1 (E) is a rank one reflexive sheaf, which is a line bundle on X. Then E is written as (67) by Lemma 3.12.
Conversely, suppose that E is written as (67) and E is not ν tsemistable. Since ch B 0 (E) = −1, we may assume that ν t (E) > 0. There is an exact sequence in B B,H
such that ν t (E 1 ) > ν t (E 2 ) and E 1 is ν t -semistable. We write ch B (E i ) = (r i , D i , γ i , n i ) for i = 1, 2. By Lemma 3.12, the long exact sequence of cohomologies yields that H 0 (E 2 ) ∈ Coh ≤1 (X), hence r 2 ≤ 0. Suppose that r 1 > 0. Then by Theorem 2.6 and ν t (E 1 ) > 0, we obtain
The above inequalities are violated if t > √ 3m. Therefore we may assume that r 1 ≤ 0. Since r 1 + r 2 = −1, there are two possibilities: (r 1 , r 2 ) = (−1, 0) and (0, −1). In the first case, we have E 2 ∈ Coh ≤1 (X) which implies ν t (E 2 ) = ∞. This contradicts to ν t (E 1 ) > ν t (E 2 ). In the latter case, since we have
is a cubic polynomial in t with positive leading term, it is enough to give an upper bound on γ 1 H. This is equivalent to giving a lower bound of γ 2 H. The long exact sequence of cohomologies associated with (68) implies that Using the result of the previous lemma, we show that the objects contributing to non-trivial terms of the RHS of (57) are of the form (66) or (67). The following proposition corresponds to core dump exponent conjecture in [8] :
Proposition 3.14. Assume that Conjecture 2.7 is true and η satisfies (58). Let δ t + (v 1 ) * δ t + (v 2 ) be a non-zero term of the RHS of (57). Then we have (i) E ∈ B B,H is ν t + -semistable with ch(E) = v 2 if and only if E is written as (66).
(ii) E ∈ B B,H is ν t + -semistable with ch(E) = v 1 if and only if E is written as (67).
Proof. The proofs of (i) and (ii) are similar, so we only prove (i). By Proposition 3.11, we can write e −B v 2 = (1, d 2 H, γ 2 , s 2 ). Hence by Lemma 3.13, it is enough to show that there is no wall on {t ∈ R >0 : t ≥ t 0 } with respect to the numerical class v 2 . Suppose the contrary. Then there is an ν t 0 -semistable object E ∈ B B,H with ch(E) = v 2 and t 1 ≥ t 0 such that E is ν t -semistable for t ∈ [t 0 , t 1 ] but not semistable for t = t 1 + ε with 0 < ε ≪ 1. Note that, since ν t 0 (E) = 0 and t 1 ≥ t 0 , we have ν t 1 (E) ≤ 0. There is an exact sequence in B B,H 0 → S → E → T → 0 such that
for 0 < ε ≪ 1. Let us write ch B ( * ) = (r * , d * H, γ * , s * ) for * ∈ {S, T }. By (69), we have r S /d S < r T /d T , hence r S ≤ 0 and r T ≥ 1 since r S + r T = 1. Also by (69), we have
Suppose that r S ≤ −1, hence r T ≥ 2. Since S and T are ν t 1 -semistable, Theorem 2.6 together with the above equality imply
which is equivalent to
3.7. Wall-crossing of DT type invariants. In this subsection, using the results of the previous subsections and the wall-crossing formula of DT type invariants in [21] , [23] , we give a formula relating invariants (28) , (35) and (37).
Suppose that Conjecture 2.7 is true and η satisfies (58). Let δ t + (v 1 ) * δ t + (v 2 ) be a non-zero term of the RHS of (57), and write v i as (71). By Proposition 3.14, δ t + (v i ) are written as
where C * acts on P −n 1 (X, β 1 ), I n 2 (X, β 2 ) trivially. The morphisms in (80), (81) are given by sending a stable pair (O X → F ), an ideal sheaf I C to the objects
respectively. Furthermore (β i , n i ) are elements in C(m, ηH 3 /2) by Proposition 3.15. Conversely if we are given numerical classes (71) satisfying (77), then Lemma 3.16 (i) implies that the objects (82) are objects in B B,H , hence the elements δ PT (v 1 ), δ DT (v 2 ) are well-defined as above.
Therefore under the above situation, the formula (57) is written as
The sum in the RHS is a finite sum by Lemma 3.16 (ii). A similar argument for the ν t − -stability with t − = t 0 − ε for 0 < ε ≪ 1 implies that
By taking the difference, we obtain If we also assume Conjecture 3.17, then we have a derived category version of [21, Theorem 5.12 ]. Namely let Γ ⊂ H * (X, Q) be the finitely generated free abelian group defined by
The Lie algebra C(Γ) is defined by
with Lie bracket given by
Then there is a Lie algebra homomorphism
respectively. Applying Υ to the formula (85), we obtain the following result:
Theorem 3.18. Suppose that Conjecture 2.7 and Conjecture 3.17 are true. Take v = (0, mH, −β, −n) ∈ H * (X, Q) with m ∈ Z ≥1 and define η as in (45). Also take (ξ, µ) so that ξ > 1, µ > 0 or ξ = 1, 0 < µ < 3/2. Then there is m(ξ, µ) > 0, which depends only on ξ and µ such that if m > m(ξ, µ) and 0 ≤ η < µ/m ξ , by setting δ = µH 3 /2, we have
3.8. The formula for the generating series. The formula (86) gives a relationship among invariants (28), (35) and (37). We finally rearrange the formula (86) in terms of generating series, and prove Theorem 1.5. For ǫ > 0, we define the series Z
The above triangle is an exact sequence in B B,H . Moreover we have
where t − = √ 3m/2 − ε for 0 < ε ≪ 1. Here we have observed the wall-crossing phenomena: the object E is no longer ν t -semistable for t = t − . Instead one might try to flip the sequence (90) and consider a sequence,
If the above sequence does not split, then the object E ′ is ν t − -semistable and coincides with an object considered in [2] up to tensoring a line bundle.
If we assume Conjecture 2.7, then E ′ is not ν t -semistable for 0 < t ≪ 1 by Lemma 3.6. Hence there should exist
-semistable where t ′ − = t ′ − ε for 0 < ε ≪ 1. An argument of [3, Proposition 3.3] shows that a destabilizing sequence of E ′ with respect to ν t ′ − -stability should be of the following form,
where C ⊂ X is a curve in X which contains Z. The object E ′′ is of the form
where F is a pure sheaf supported on C and O X → F is a PT stable pair. In this way, we observe that curves in X appear starting from the object (89). By Lemma 3.6, we must have t ′ ≥ √ 3m/2· √ 1 − η. Since ν t ′ (I C ) = 0, this condition is equivalent to mH · C ≤ 3N. (92) Indeed if N = 1, we can find such a curve C without assuming Conjecture 2.7. In turn, the existence of the curve C can be used to show Conjecture 2.7 for the object E ′ . (cf. [2, Proposition 4.4].) As we explained in [2, Proposition 4.4] , the curve C is found in the proof of Fujita's freeness conjecture on 3-folds [10] , [22] , [16] , and is defined by a multiplier ideal sheaf of some log canonical Q-divisor in X. There is an embedding I C ֒→ E ′ since the composition I C → I X,Z → O X (−mH) [2] vanishes by Nadel's vanishing theorem.
Remark 4.1. When N > 1, we can at least find a curve C ⊂ X satisfying (92) and Z ∩ C = ∅, without assuming Conjecture 2.7, following the proof of [16, Theorem 6.1] . Unfortunately the argument of [16, Theorem 6.1] is not enough to find such a curve C with Z ⊂ C, which is necessary to solve Conjecture 2.7 for the object E ′ .
Euler characteristic version.
If we do not assume the inequality in Conjecture 3.17 and just assume Conjecture 2.7, we still have a result for Euler characteristic invariants, which are not weighted by the Behrend function. By formally putting ν ≡ 1 in the definitions of (28), (35) and (37), where ν is the Behrend function, we can define the Euler characteristic invariants, DT H (0, mH, −β, −n), I n,β , P n,β . It is related to the usual ch(E) ∈ H * (X, Q) by ch(E) = 0, rS, − r 2 S 2 + i * l, r
by the Grothendieck Riemann-Roch theorem. Substituting (95) to (94), and writing L := O X (S)| S ∈ Pic(S), we obtain
The above inequality is derived by assuming Conjecture 2.7. When the formal neighborhood S ⊂ X is isomorphic to S ⊂ |L|, where the latter embedding is the zero section, then we can show the inequality (96), (or rather a stronger one,) directly without assuming Conjecture 2. Proof. Let us consider the object π * E ∈ Coh(S) and its Harder-Narasimhan filtration with respect to µ L -stability, 0 = E 0 ⊂ E 1 ⊂ · · · ⊂ E N = π * E.
Note that the O Y -module structure on E induces the morphism,
The π * L-semistability of E implies that the subsheaf E i ⊂ π * E is not preserved by θ. Therefore the composition 
Hence we have 
